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Softmax Regression

extend logistic regression to multi-class classification
training data (a(), b)), i=1,....,m
labels with K values: b() € {1,..., K}

hypothesis:

P(b=1] a;x) . exp(x(M7T 3)
hX(a) — . .

Plb=K |ax) | 2k ®PXTT) | 0Ty

parameters to learn:

x = [xW ... xK)] e RTK
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Maximum Log-Likelihood Estimator

given training data (a("), b )), 1. the probability of this sequence is

ﬁ ﬁ exp (xUT a1y L=y
=1 <1 exp(xU)Ta()

i=1 k=1
log-likelihood is

i=1 k=1 = gZJ-Kzle><p(x(J')T.;;(i))
gradient is

oU(x) & (i) exp(x(K)T a1y
— D1, 0 —
N0 Za {b)=k} Zszl eXp(X(j)Ta(i))
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Neural Networks — A Single Neuron

fit a training example (x, y) with a neuron:

— h,)

+1

e input: x and a normalization term +1
e output: hy p(x) = f(w'x + b)
e f is the activation function

some choices of activation function:
e sigmoid: f(z) = H% (as in logistic regression)
e tanh: f(z) = tanh(z) = £=5=
o rectified linear: f(z) = max{0, x} (deep neural networks)
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Neural Networks — Activation Functions

illustration of activation functions

Activation Functions

tanh
— — ~ sigmoid
rectified linear

f(z)
o
L

e tanh: rescaled sigmoid
e rectified linear: unbounded
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Neural Networks — Basic Architecture

neural network: network of neurons

a three-layer neural network:

Layer Ly

+1

Layer L, LayerL,

e input layer: the leftmost layer
e output layer: the rightmost layer
e hidden layer: the layers in the middle
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Neural Networks — Parameters to Learn

a three-layer neural network:

Layer L

+1

LayerL; LayerlL,
number of layers ny = 3
weight of link from unit j in layer £ and unit i in layer ¢ + 1: W,f

parameters to learn: (W(l), b . wilne), b(”l))
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Neural Networks — Example

h(X)

Layer Ly

the activation (i.e., output) of unit i at layer ¢: alm

computation:

a2 = FWWsx + W + Wk + b)

3P = (W x + Wox + W) xs + bY)

agz) = f( W3(11)X1 + W3(2)X2 + W3(3 X3 + b )
(

hws(x) = a8 = AW 4 W0 | w@,D | )
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Neural Networks — Compact Representation

a three-layer neural network:

hup(x)

Layer Ly

+1

Layer L, LayerL,

define weighted sum of inputs to unit i in layer £ as
ZW(Z 1) ﬁ 1) +b(£ 1)

where 1) 1)
a; =f(z )
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Neural Networks — Compact Representation

a three-layer neural network:

Layer Ly

+1

Layer L, Layer L,

compact representation: (forward propagation)

LD 040 4 b0
a(Z-‘rl) _ f(z(ﬁ—i-l))
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Neural Networks — Extensions

may have different architectures (i.e., network topology)
e different numbers s; of units in each layer £

o different connectivity

may have loops

may have multiple output units
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Neural Networks — Optimization

minimize the prediction error while promoting sparsity:

"e 1 sp S

P 2y ()

J(W,b) = [ ZJbe( Lyl
(=1 j=1 i=1

where J(W, b; x(i),y(i)) is the prediction error of sample /

JW, b;xD) )y th,b(x(")) .

characteristics:
e nonconvex — gradient descent used in practice

e initialization: small random values near 0 (but not all zeros)
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Neural Networks — Calculating Gradients

need to compute gradients:

0J(W,b) lz"’: AJ(W, b; x(1), y (1) aw®
o (£) m 4 aW.(_f) u
if i=1 ij
dJ(W, b) 1 i dJ(W, b; x(1) (1)
0 - 7
ob" m= o

. DI(W b)) dJ(W,bix(D y (1)
backpropagation to compute ( (@ ) and 24 PG )
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Neural Networks — Backpropagation

for the output layer: (the superscript of sample index removed)
OJ(W,b;x,y)
(ne—1)
ow;;
(T 12

0 1 . ne—1) (n 1) . L (ne-1)
= —— 5 hWb(ZWZ o —I—blZ

(ne—1)
8‘/‘/[_] ¢

:f(Zi(ng)):afn[) )

ey L) 2
ij

= - ()/i - 3,(”[)> - f <zl.(n£)) .aj(."‘f*l)

Aa(_"é)
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Neural Networks — Backpropagation

for the middle layer ny — 1: (the superscript of sample index
removed)

OJ(W, b; x,y)
a (’72*2)

ij
_ 0 1 NG
= am/ij(,”i’_z) {2 kz::l [Yk - f(Zk 8 )] }

Sn

(ne) (ne=1) (ne=1)

_ (ne) (m))]. Oa_ 03, %,

= > (=) [ (7)) 5l gD D
i i y

k=1
Sné

= S W () e
k=1

24tne=1)
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Neural Networks — Backpropagation

backpropagation:
0 0

? I

e a forward propagation to determine all the a;
e for the output layer, set

5l(ne) = —(yi - (”e)) f(z (ne))

e for middle layers ¢ = n; — 1,...,2 and each node i in layer ¢,

set
Se+1

e compute gradients
8J(W) b;va) _ a(.f)(s(e-i-l)

8W.(.£) R R
ij
0J(W.bix,y)  _ s
ap?) -
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